We study a large extra dimension model with active and sterile Dirac neutrinos. The sterile neutrino masses stem from compactification of an extra dimension with radius R and are chosen to have masses around eV or keV, in order to explain short-baseline anomalies or act as warm dark matter candidates. We study the effect of the sterile neutrino Kaluza-Klein tower in short-baseline oscillation experiments and in the beta spectrum as measurable by KATRIN-like experiments.
II. THE MODEL
We consider a brane world theory with a five-dimensional bulk, where the SM particles are confined to the brane. We also introduce three SM singlet fermions Ψ i (i = 1, 2, 3) [31] [32] [33] [34] [35] [36] . Being singlets, they are not restricted to the brane and can propagate in the extra spacetime dimensions. The action responsible for the neutrino masses is given by
where y is the coordinate along the extra compactified dimension and M S denotes the mass scale of the higherdimensional theory. The Dirac massesm andm c could be generated by couplings of the bulk neutrinos to a branelocalized Higgs boson after electroweak symmetry breaking. Note that, although Ψ c is defined in the same way as in four dimensions, it does not represent the charge conjugate of Ψ in five dimensions [37] , and hence, the term Ψ c M R Ψ is not a Majorana mass term 2 . However, in the four-dimensional theory, it leads to effective Majorana mass terms for the KK modes of Ψ. In this work we will for simplicity and definiteness assume the conservation of lepton number and take M R = 0.
We decompose the spinors of the bulk singlet fermions into two two-component objects: Ψ = (ξ , η c ) T , where η c = iσ 2 η * . Since the extra dimension is compactified on a S 1 /Z 2 orbifold, the KK modes of ξ and η c are fourdimensional Weyl spinors. We take ξ to be even under the Z 2 transformation y → −y, while η is taken to be odd. Thus, in Eq. (1), them c term corresponding to the coupling between ν L and η is not allowed. The KK expansions of ξ and η are given by
Inserting the above expansion into Eq. (1) and integrating over the compactified extra dimension, we arrive at the following form of the four-dimensional action
whereσ µ = (1, σ i ) with σ i being the Pauli matrices. Written in block-form, the mass matrix M n for the KK modes at the nth level takes the form
The Dirac mass term is then given by m D =m/ √ 2πM S R. Because of the freedom in the choice of basis for the bulk fermions, one can always apply a unitary transformation in flavor space on ξ (0) and ξ (n) in order to make m D hermitian. We therefore take
with U being a unitary matrix.
The full mass matrix in the basis ν L , ξ (0) , ξ (1) , η (1) , ξ (2) , η (2) , . . . then reads
The zero mode ξ c (0) can now be viewed as the right-handed component of active neutrinos, and the Dirac mass of active neutrinos is simply given by m D . One can check that the higher KK modes do not contribute to active neutrino masses, and there is no seesaw mechanism. Actually, the heavy KK modes ξ (n) and η (n) form Dirac pairs,
T (for n ≥ 1) with masses being n/R. In this notation, the neutrino mass term can be rewritten as
The active neutrinos are therefore Dirac particles (hence there will be no neutrinoless double beta decay) and their mass matrix is m D . As a leading order approximation, the sterile neutrino states obtain masses as n/R (for n = 1, 2, 3, . . .).
Since we are interested in the low-scale phenomena induced by light sterile neutrinos much smaller than the electroweak breaking scale, it is convenient to define the Hermitian form of the neutrino mass matrix as
where
, the mixing matrix between active and n-th KK sterile neutrinos is approximately given by K (n) = √ 2n −1 U DR. In the conventional notation, one can write
and so on. Note that, since K (n) is inversely proportional to n, for heavier sterile neutrinos the mixing is suppressed by 1/n. We stress here the attractive feature of this scenario, namely that the mixing between active and sterile neutrinos is determined by measurable active neutrino parameters and the size of the extra dimension.
The above mass matrix is given in the flavor basis, while the weak interaction Lagrangian for the leptons can now be written in the mass basis as
where θ W denotes the weak mixing angle. Due to the existence of sterile neutrinos, the 3 × 3 active neutrino mixing matrix is not unitary any more, and to a good approximation we have
for active neutrino flavor mixing. The active-sterile mixing depends strongly on the size of the extra dimension or the sterile neutrino mass. For example, if we take R −1 ∼ 1 eV and m D ∼ 0.1 eV, the mixing between active and the first KK sterile neutrinos would be around 0.1, which is appropriate to explain short-baseline anomalies. If we take R −1 to be 1 keV, the largest active-sterile mixing is given by m D R ∼ 10 −4 , in the right ballpark for the sterile neutrino warm dark matter hypothesis. For example, in the Dodelson-Widrow scenario [39] , i.e. production of WDM by neutrino oscillations, if one assumes that sterile neutrino WDM with mass M s and mixing θ s makes up all the DM in the Universe, its abundance is given by
This mechanism is gradually building up the WDM density when the plasma in the early Universe produces active neutrinos from which the sterile ones originate via their small mixing with the active ones. Another popular mechanism (Shi-Fuller [40] ) requires a lepton asymmetry which can generate sterile neutrinos via resonant oscillations. As the generation of WDM, or the nature of dark matter in general, is not known, most of the following analysis of keV-scale neutrinos is independent of warm dark matter generation. To explicitely check if our framework can generate the necessary WDM density requires a complex analysis (e.g. the presence of the KK tower needs to be taken into account) beyond the scope of this analysis based on phenomenology in terrestrial experiments. Let us sum up the main features of our framework: for each active neutrino there is a sterile neutrino, which in turn has a Kaluza-Klein tower of heavier copies with smaller mixing. With R −1 larger than active neutrino masses, each set of KK states is to good precision degenerate in mass. This mass is given by n/R, and the mixing with active neutrinos is given by √ 2n −1 U DR, where D is a diagonal matrix containing the active neutrino masses and U the PMNS matrix.
III. MODEL PARAMETERS
We continue to discuss the free parameters in the model. In general, the unitary matrix U can be parametrized by three mixing angles (θ 12 , θ 13 , θ 23 ) and one Dirac type CP-violating phase δ, i.e. 
where s ij ≡ sin θ ij and c ij ≡ cos θ ij (for ij = 12, 23, 13). Apart from the CP phase, all the three mixing angles have already been measured experimentally, and the latest global fit data for the mixing angles can be found in Ref. [41] sin 2 θ 12 = 0.313
sin 2 θ 13 = 0.0244
Strictly speaking, in the presence of sterile neutrinos, the above fitted mixing angles are polluted by the mixing between active and sterile neutrinos. We will ignore small corrections of sterile neutrinos to the above numbers, and make use of the data in Eq. (13) Fig. 1 the allowed ranges (3σ C.L.) of the active-sterile mixing U e4 , U e5 and U e6 with respect to the lightest neutrino mass. Since sterile neutrino states are nearly degenerate in mass at each KK level, it is useful to define an effective mixing angle as θ eff ≃ |U 2 e4 | + |U 2 e5 | + |U 2 e6 | describing the active-sterile oscillations at shortbaseline experiments. For light sterile neutrinos, the current global fit range of active-sterile mixing at 2σ (taken from [3] ) is indicated by shaded areas. As for the keV case, we show the preferred mixing range from the claimed signal in X-ray searches [10, 11] . One can read from the plots that, different to many other sterile neutrino models, our extra dimension model is highly predictive and the only relevant parameters are the extra dimension scale R and the absolute neutrino mass. The required active-sterile mixing from current short-baseline neutrino oscillation anomalies can be well accommodated in our framework. If R −1 is larger than ∼ 1 eV, a degenerate mass spectrum of active neutrinos is desired to get sizable mixing. For example, θ eff ≃ 0.1 is achieved for m lightest ≥ 0.08 eV.
We further show in Figs Here normal mass ordering is assumed for the left column, inverted for the right column. For the upper and middle panels, the shaded areas indicate the 2σ ranges of the active-sterile mixing matrix element from a recent 3+1 global fit [3] , whereas for the lower panel, the shaded areas correspond to the uncertainty of the mixing angle required for the claimed 7.1 keV WDM [11] . The next set of KK states has mixing suppressed by a factor of 2.
dimension, the more sizable active-sterile mixing one could expect. Although at the each KK threshold the sterile states are nearly degenerate, their mixing with active neutrinos can be quite different, which is caused by the flavor structure of m D . A general feature can be found that |U e4 | > |U e5 | > |U e6 |. For keV sterile neutrinos, one observes from Fig. 3 that favorable values of ∼ 10 −6 for the mixing matrix elements can be achieved in the normal hierarchy case for both U e4 , U e5 and U e6 , whereas the mixing matrix elements U e4 and U e5 are too large in the inverted hierarchy case. 
IV. PHENOMENOLOGY
The presence of KK sterile neutrinos implies phenomenology in low-energy neutrino experiments. We proceed to discuss some of the signatures of KK neutrinos in short-baseline oscillation experiments and in beta spectra as measurable by KATRIN-like experiments. 
A. Short-baseline neutrino oscillations
Compared to the standard three flavor oscillations in vacuum, the transition amplitude is modified to (see also Ref. [42] for an analysis of neutrino oscillations in a very similar framework)
where E is the neutrino energy and L denotes the baseline. Squaring the amplitude A(ν e → ν e ) gives the survival probability P ee . Since a short-baseline neutrino experiment provides the most promising signal for light sterile neutri- nos, we show in Fig. 4 the transition probability 1 − P ee for reactor antineutrinos at different baselines. As expected, the deficit of reactor neutrinos at short distance [1, 2] can be easily explained due to the oscillation of electron neutrinos into KK sterile neutrinos 3 . We truncate in our numerical analysis the KK tower after 5 modes. To see the effect of the individual KK states, we show in Fig. 5 the transition probability 1 − P ee when 1, 2, 3 and 4 KK modes are included. In practice, only the first few KK modes play a role in neutrino oscillations and effects from heavier KK modes (e.g. for n > 4) are negligibly small. We note that Ref. [43] has, within a similar extra dimension framework, recently obtained limits from reactor neutrino experiments on R of around eV. 
B. β-decay spectrum
The extra KK states also affect the electron spectrum in beta decays. Let us consider tritium decay, 3 H → 3 He + e − + ν e , for which the electron energy spectrum is given by
where the first line corresponds to the active neutrino contribution while the second line denotes the contribution from KK sterile neutrinos. Here E 0 is the total decay energy, i.e. E 0 = 18.59 keV, and F (E) is a mass independent function given by Here M is the matrix element and R(Z, E) takes Coulomb interactions into account, see [44] . We can define the Kurie function
which, in the absence of neutrino masses, is a linear function close to the end-point. We focus here on the potential of the KATRIN experiment [44] . The effect of eV-scale sterile neutrinos in KATRIN has been studied in [45] [46] [47] . A modified setup of KATRIN is currently seriously under consideration [48] , which could access whole beta spectrum and hence be sensitive to keV-scale neutrinos, with mixing potentially going down to 10 −4 . Analyses of the spectrum for keV neutrinos can be found in [49, 50] . We should note that in standard WDM scenarios the mixing is probably too small to be observable by KATRIN 4 , see Eq. (11). However, given the unknown mechanism of warm dark matter generation, or the nature of dark matter in general, the study of keV-scale neutrinos in beta decays is of course interesting in its own right. We note that Ref. [36] has studied the beta spectrum in a very similar extra-dimensional setup, focusing on the low energy part of the spectrum and on constraints on R.
In Fig. 6 we illustrate the Kurie function for R −1 = 1 eV, which leads to θ
eff ≃ 0.14. There is only a quite small effect of the second member of the KK tower, which has mixing θ (2) eff ≃ 0.07. We point out that the possibility of a KK tower of sterile states has not been considered for a beta spectrum before. For sterile states heavier than a few eV, the spectrum differences cannot be seen in these kind of plots. However, a keV sterile neutrino manifests itself in the shape of the beta decay spectrum. At an energy E = E 0 − m s tritium beta decay into sterile neutrinos of mass m s is kinematically allowed and a kink shows up in the spectrum around this energy. We therefore consider the ratio of a tritium spectrum with and without extra dimensions, and illustrate the results in Fig. 7 . The kinks, in particular the first one, in the spectrum can be clearly seen from the plot. The effect from the second KK mode appears around E − E 0 ≃ 2R −1 , which is however not nearly as significant as that for the first KK threshold. In our framework a nearly degenerate active neutrino spectrum could lead to larger mixing, and more promising signatures in beta decay experiments. For comparison, we also plot an extreme case for m s = 1 keV and sin 2 θ s = 10 −4 , in which the standard and sterile neutrino polluted spectra are well separated.
While the presence of a KK tower in the beta spectrum has not yet been investigated, studies indicate that a modified KATRIN setup with access to the full energy spectrum can reach a sensitivity of a mixing angle down to sin 2 θ ∼ 10 −8 for a single keV sterile neutrino [48] . In Fig. 8 , using only the first KK mode, we illustrate the parameter region of our framework together with the sensitivity of a modified KATRIN experiment to a keV sterile neutrino [48] .
V. CONCLUSION
In this work we have studied an extra dimension model for Dirac neutrinos with the lightest KK modes being sterile neutrinos around the eV or keV scale. We pointed out that in the framework under study the active-sterile mixing parameters are directly connected to active neutrino mixing parameters. In case of eV-scale sterile neutrinos, the predicted active-sterile mixing could lead to sizable ν e → ν s transitions, accounting for the observed short-baseline neutrino anomalies. If the radius of the extra dimension is of order keV, the lowest KK modes could be warm dark matter candidates. We investigated the beta spectrum in KATRIN-like experiments for eV-and keV-scale KK modes, pointing out in particular the presence of multiple kinks due to the different KK modes. [48] .
